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Abstract. We use the most recent cosmic microwave background (CMB) data to perform a
Bayesian statistical analysis and discuss the observational viability of inflationary models with
a non-minimal coupling, ξ, between the inflaton field and the Ricci scalar. We particularize our
analysis to two examples of small and large field inflationary models, namely, the Coleman-
Weinberg and the chaotic quartic potentials. We find that (i) the ξ parameter is closely
correlated with the primordial amplitude; (ii) although improving the agreement with the
CMB data in the r − ns plane, where r is the tensor-to-scalar ratio and ns the primordial
spectral index, a non-null coupling is strongly disfavoured with respect to the minimally
coupled standard ΛCDM model, since the upper bounds of the Bayes factor (odds) for ξ
parameter are greater than 150 : 1.
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1 Introduction
The observational viability of a wide range of inflationary models has now been tested thanks
to the accuracy of current Cosmic Microwave Background (CMB) data [1, 2]. The observations
are compatible with both the simplest slow-roll scenarios of inflation, showing a preference
for plateau over monomial potentials, as well as with some alternative scenarios (see, e.g.,
Refs. [3–8] for different points of view of the current observational status of inflation). Since no
compelling statistical evidence has been found for a specific inflationary model, an important
task nowadays is to examine the theoretical predictions of different classes of scenarios in the
light of current data.
Among these scenarios, models in which the scalar field is taken to be non-minimally
coupled to the scalar curvature have been widely discussed in the literature (see, e.g. [9]
and references therein). Recently, a broad class of non-minimally coupled chaotic inflation
with arbitrary potential has been proposed in the context of supergravity [10] as well as the
possibility of implementing chaotic inflation with the Higgs field non-minimally coupled to
gravity playing the role of the inflaton field [11–14]. From the observational point of view, it
has been shown that the introduction of a non-minimal coupling to gravity may improve the
description of the data (e.g., predicting reasonable amplitude of the density perturbations)
without fine-tuning the self-coupling constant of the inflaton field [9, 15–18]. In this context,
single and multifield models of inflation have also been explored [19, 20] and, across a broad
range of couplings and initial conditions, such models evolve along an effectively single-field
attractor solution and may predict values of the primordial spectral index, ns, and of tensor-
to-scalar ratio, r, in the observationally most-favoured region with respect to the minimal
coupling case [9, 17, 18, 21, 23].
Differently from previous studies, here we go beyond the analysis of compatibility in the
r−ns plane and perform a Bayesian statistical analysis to investigate whether the most recent
Planck release [1] support the idea of a non-minimally coupled inflation when compared with
the ΛCDM model. We particularize our analysis to two examples of small field and large field
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inflationary potentials, namely, the Coleman-Weinberg [24] and the chaotic quartic [15–18]
potentials. We found that, although improving the agreement in the r− ns plane, a non-null
coupling is not enough to attest the observational viability of these models and both are
strongly disfavoured by the current CMB data with respect to the standard scenario.
We organized this paper as follows. Sec. 2 reviews the non-minimal coupling formalism.
In Sec. 3 we introduce the Coleman-Weinberg and the chaotic potentials with a non-minimal
coupling to gravity. In Sec. 4 we discuss our analysis approach and the observational data
sets used in the analysis. In Sec. 5 we present a brief comparison with previous analyses and
summarize in Sec. 6 our main results.
2 Non-Minimal Coupling and Inflation
In the inflationary context, the idea of non-minimal coupling requires the replacement of the
Ricci scalar by the term ξϕ2R in the inflationary action:
S =
∫
d4x
√−g
[
1 + κ2ξϕ2
2κ2
R− 1
2
gµν∂ϕµ∂ϕν − U(ϕ)
]
, (2.1)
where κ = 8piG and ξ is the coupling constant, responsible for the length of interaction.
Differently from other theories where the coupling ξ is fixed by the theory of scalar field
assumed [25], here it is treated as a free parameter and constrained by the observable data.
The minimal inflationary scenario is recovered by setting the coupling parameter ξ = 0.
The inclusion of a coupling in the Lagrangian makes the field equations more compli-
cated, and the standard procedure is to consider a conformal transformation in the metric
tensor gµν → Ω2gµν , with Ω2 = 1 + κ2ξϕ2, so that the coupling constant is eliminated in the
gravitational sector and introduced inside a new potential by the relation V (φ) = U(ϕ(φ))
Ω4
.
The frame in which the non-minimal coupling is eliminated by conformal transformation is
called Einstein frame [21] and the new action is written as
S =
∫
d4x
√−g
[
R− 1
2
gµν∂φµ∂φν − V (φ)
]
. (2.2)
It is important to note that, in this frame, a canonical kinetic term arises with the new
inflaton field φ related to the original inflaton field ϕ by
dφ
dϕ
=
√
1 + κ2ξϕ2(1 + 6ξ)
Ω2
. (2.3)
Independently of frame, the inflationary dynamics is governed by the slow-roll parame-
ters,  and η [22]. However, the inclusion of the non-minimal coupling modifies the potential
in the Einstein frame and, for this reason, the slow-roll parameters need to be redefined:
 =
1
2
(
dϕ
dφ
)2(V ′
V
)2
, (2.4a)
η ≡ V
′′
V
(
dϕ
dφ
)2
−
(
d2φ
dϕ2
)
V ′
V
(
dϕ
dφ
)3
, (2.4b)
where a prime denotes the derivative with respect to ϕ. A successful slow-roll inflation occurs
while the slow-roll parameters are small,  << 1 and η << 1. When this condition is violated,
e.g.  ' 1, the potential reaches its minimum and the inflation period ends, with φ = φend.
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Figure 1. The behaviour of the amplitude λ for the CW potential as a function of the non-minimal
coupling parameter ξ for different values of number of e-folds N .
The power spectrum of the curvature perturbation is given by
PR =
V (φ)
24pi2
|k=k∗ , (2.5)
where (∗) refers to the (pivot) scale at which the CMB mode exits from horizon. Also, the
value of PR(k∗) is established by the COBE normalization, i.e., ∼ 2.2 × 10−9 for the pivot
choice k∗ = 0.05Mpc−1 [1]. As usual, the standard inflationary parameters, i.e., the spectral
index and tensor-to-scalar ratio, are defined in terms of slow-roll parameters calculated in the
horizon crossing
ns = −6+ 2η + 1 and r = 16. (2.6)
Throughout this paper, we shall work in reduced Planck units (c = h = 8piG = 1).
3 Inflationary Models
In what follows, we study the observational predictions of two examples of non-minimally
coupled small field and large field inflation, namely, the Coleman-Weinberg [24] and the
chaotic quartic [15–18].
3.1 Coleman-Weinberg (CW) potential
The Coleman-Weinberg (CW) potential, introduced in Ref. [24], can be written as:
V (ϕ) = Vo
[
1− ϕ
4
M4
+ 4
ϕ4
M4
log(
ϕ
M
)
]
, (3.1)
where M is the inflaton vacuum expectation value 〈φ〉 at minimum potential.
The minimal coupling version of this model was recently analysed in [26], where it was
shown that the predicted spectral index lies outside the 2σ region provided by the CMB
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Figure 2. Left : The CMB power spectrum prediction of non-minimally coupled CW models for
selected values of the coupling ξ, compared with the most recent Planck data. Right: The ns − r
plane. The contours correspond to 68% and 95% regions obtained from the Plank TT+lowP data
combined with the Bicep/Keck Array data [28]. The green lines correspond to the evolution of the
ns and r values for increasing values of ξ (red dots) assuming N = 50 and N = 60.
Planck data. For the non-minimal coupling CW model, the solution of Eq. (2.3) in the small
field regime provides ϕ = φ, which means that Eq. (3.1) can be rewritten as
V (φ) = λ(1− 2κ2ξφ2). (3.2)
The slow-roll parameters for the potential above can be easily derived from Eq. (2.4), i.e.,
 =
8ξ2φ2
(1− 2ξφ2)2 , η = −
4Voξ
(1− 2ξφ2)2 , (3.3)
and the condition end ' 1 implies
φend = ±
√
2(1 + 4ξ)ξ
2ξ
. (3.4)
Using the COBE normalization [1], we can easily write the dependence of amplitude λ with
ξ at the horizon exit as
λ =
192pi2ξ2φ∗2PR(k∗)
(1− 2ξφ∗2)3
. (3.5)
In Fig. (1) we show the behaviour of λ as a function of ξ, noting that the number of e-folds,
defined as N =
∫ φ∗
φend
dφ/
√
2, does not significantly influence the result. Thus, hereafter we
assume N = 50 for this model. The value of the scale at the horizon crossing, φ∗, can be
obtained from the above equations, i.e.,
N =
1
4ξ
[
log
(
φ∗
φend
)]
− φ
2∗
4
+
φ2end
4
. (3.6)
By solving numerically the above equation we find no real solutions of φ∗ for values of ξ higher
than 0.012. The canonical inflationary parameters for the CW potential can be written as
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Figure 3. Left: The amplitude λ of the CQ potential for different values of the non-minimal coupling
parameter ξ and different e-folds numbers, N . Right: The Chaotic Quartic primordial power spectrum
PR for different values of the non-minimal coupling parameter ξ, assuming N = 50 (red curves and
area) and N = 55 (blue curves and area).
ns = − 48ξ
2φ2∗
(1− 2ξφ2∗)2
− 8ξ
1− 2ξφ2∗
+ 1, (3.7)
and
r =
128ξ2φ2∗
1− 2ξφ2∗
. (3.8)
A comparison of the theoretical predictions of this model with the ΛCDM is shown in Fig.
(2), considering the most recent Planck data [27]. In the left panel we show the predicted
temperature anisotropy power spectrum for some selected values of ξ whereas in the right
panel the r − ns plane is shown considering two different numbers of e-folds, i.e., N = 50
and N = 60 and different values of coupling ξ (represented by the red dots on the green
curve). We note that for larger values of ξ, ns rapidly decreases while r increases, which
makes the theoretical predictions of the model incompatible with the observational constraints
established by standard cosmological model and the joint Planck and Bicep/Keck Array
data [28].
3.2 Chaotic quartic (CQ) potential
The non-minimally coupled chaotic quartic inflation with a spontaneous symmetry breaking
was analysed by Linde et al. in Ref. [9]. The dynamics of this model is governed by the
potential
V (φ) =
λ
4
φ4 , (3.9)
which in the Einstein frame it is written as
V (φ) = λ
φ4
4Ω4
. (3.10)
The slow-roll parameters are given by
 =
8φ2
φ4(1 + ξφ2 + 6ξ2φ2)
, (3.11)
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η = −48ξ
3φ6 + 24ξ2φ6 − 48ξ2φ4 − 4ξφ4 − 12φ2
φ4(1 + ξφ2 + 6ξ2φ2)2
, (3.12)
and the number of e-folds can be written as
N =
3
4
log
1 + ξφ2end
1 + ξφ2∗
+
1
8
[
(1 + 6ξ)(φ2∗ − φ2end)
]
, (3.13)
where
φend =
√
−1 +
√
1 + 32ξ + 192ξ2
2ξ(1 + 6ξ)
. (3.14)
The spectral index and tensor-to-scalar ratio are
ns =
48
φ2∗(1 + ξφ2∗ + 6ξ2φ2∗)
− 8(12ξ
3φ6∗ + 2ξ2φ6∗ − 12ξ2φ4∗ − ξφ4∗ − 3φ2∗) + 1
φ4∗(1 + ξφ2∗ + 6ξ2φ2∗)2
,
r =
128
φ2∗(1 + ξφ2∗ + 6ξ2φ2∗)
. (3.15)
Similarly to the CW case, we use the COBE normalization to find the amplitude of the
primordial potential in terms of the coupling constant ξ, i.e.,
λ =
0.16896× 10−05pi2(1 + 2ξφ2∗ + ξ2φ4∗)
φ6∗(1 + ξφ2∗ + 6ξ2φ2∗)
. (3.16)
The left panel of Fig. (3) shows the λ − ξ plane for different values of the number of e-folds
N . Clearly, the behaviour of λ is rather different from the one predicted by Eq. (3.5) for
the CW model, with the amplitude being almost constant up to values of ξ ∼ 0.0001. The
primordial power spectrum PR for some selected values of the non-minimal coupling parameter
ξ, assuming N = 50 (red) and N = 55 (blue), is shown in the right panel of Fig. (3). As
one may see, the Planck power-law best-fit curve (green line) can be completely recovered for
values of N = 50. We, therefore, assume this value in the statistical analysis presented in the
next section.
Finally, in Fig. (4) we show the predictions for the temperature anisotropy power spec-
trum for different values of ξ (left panel), compared with the Planck data. In the right panel
we also can see the changes in the r − ns plane with respect to the non-minimal coupling
constant ξ compared with the Planck+Bicep/Keck Array data. We see that the ns value
rapidly grows with ξ while the tensor-to-scalar ratio value r drops to zero. The predicted
values are inside the 95% C.L. results for values of ξ & 0.012 (and N = 50). We stress that
such a behaviour is the opposite to what happens in the CW case shown in the right panel
of Fig. (2).
4 Method and Analysis
In order to probe a possible non-minimal coupling in the inflationary phase we perform a
Bayesian model comparison considering three models, namely, the standard ΛCDM scenario
(as reference model) and the non-minimally coupled CW and CQ models discussed in the
previous section.
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Figure 4. Left: The CMB power spectrum prediction of non-minimally coupled CQ models for
selected values of the coupling ξ, compared with the most recent Planck data. Right: The ns − r
plane. The contours correspond to 68% and 95% regions obtained from the Plank TT+lowP data
combined with the Bicep/Keck Array data [28]. The green lines correspond to the evolution of the
ns and r values for increasing values of ξ (red dots) assuming N = 50 and N = 60.
The code most widely used to resolve the Boltzmann equations and explore the cos-
mological parameter space is the CosmoMC code [29], in which the theoretical predic-
tions of the models are calculated by the Code for Anisotropies in the Microwave Back-
ground(CAMB) [30] and the statistical analysis performed with the Markov-Chain Monte-
Carlo method. We make two main modifications to the most recent CosmoMC release. The
first one is in CAMB, since it assumes a power-law parametrization for the primordial pertur-
bation spectrum as PR = As(k/k∗)ns−1. Here, we use the primordial potential forms shown
in Eqs. (3.2) and (3.10) to compute the dynamics and perturbations of these inflationary
models and construct their primordial power spectra. We modify CAMB following the lines
of the ModeCode [31, 32] adapted for our primordial potentials. This latter is an efficient
and high-precision numerical tool able to compute the CMB anisotropies spectrum solving
numerically the inflationary model equations. For an exact form of the inflaton potential V (φ)
of a single field model, the code solves the Friedmann and Klein-Gordon equations as well as
the Fourier components of the gauge-invariant quantity u ≡ −zR, where R is the curvature
perturbation, z = aφ˙/H, a is the scale factor and dots denote derivatives with respect to the
cosmological time t. This set of equations can be integrated to obtain H, φ and thus z, as a
function of time. From the solution of uk for the mode k, the code can compute the power
spectrum of the curvature perturbation PR by [33]
PR =
k3
2pi2
∣∣∣uk
z
∣∣∣2 . (4.1)
The second main modification is made in the CosmoMC algorithm, employing the
nested sampling of the code MultiNest [34–36] to perform our Bayesian analysis of the
models. The codeMultiNest is able to accurately analyse models with non-gaussian density
distributions and pronounced degeneracies in high dimensions. It also calculates the evidence
with an associated error estimate, allowing a model comparison in which the “best” model is
the one that achieves the best compromise between quality of fit and predictivity. Indeed,
while a model with more free parameters will always fit the data better (or at least as good as)
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Parameter Prior
100 Ωbh
2 [0.005 : 0.1]
Ωch
2 [0.001 : 0.99]
100 θ [0.5 : 10]
τ [0.01 : 0.8]
100 ξCW [0.0075 : 0.0085]
100 ξCQ [0.0001 : 0.01]
Table 1. Priors on the cosmological parameters considered in the analysis.
0.008100 0.008125 0.008150
ξ
0.0015 0.0030 0.0045
ξ
Figure 5. One-dimensional posterior probability densities for the non-minimal coupling parameter
ξ – see also Tab. (2). The red solid curve corresponds to the CW model (left panel) whereas the
dashed blue line refers to the CQ model (right panel).
a model with less parameters, such added complexity ought to be avoided whenever a simpler
model provides an adequate description of the observations. The Bayesian model comparison
offers a formal way to evaluate whether the extra complexity of a model is supported by
the data, preferring the model that describes the data well over a large fraction of their prior
volume (we refer the reader to [37–42] for some recent applications of Bayesian model selection
in cosmology). It is worth mentioning that we use here the most accurate Importance Nested
Sampling (INS) [36, 43] instead of the vanilla Nested Sampling (NS), requiring INS Global
Log-Evidence error < 0.1.
In our analysis, we vary the usual cosmological parameters, namely, the physical baryon
density, Ωbh2, the physical cold dark matter density, Ωch2, the ratio between the sound horizon
and the angular diameter distance at decoupling, θ, the optical depth, τ and the additional
non-minimal coupling parameter ξ. We also vary the nuisance foreground parameters [27]
and consider purely adiabatic initial conditions. The sum of neutrino masses is fixed to 0.06
eV, and we limit the analysis to scalar perturbations with k∗ = 0.05 Mpc−1. The assumed
parameters prior are reported in Tab. 1, for the choice on the parameter ξ we use the results
shown in Fig. (2) and Fig (4) to establish the prior range from theoretical predictions. Finally,
we use the second release of Planck data [27] (hereafter TT+lowP), namely, the high-` Planck
temperature data (in the range of 30 < ` < 2508) from the 100-,143-, and 217-GHz half-
mission TT cross-spectra and the low-P data by the joint TT, EE, BB and TE likelihood (in
the range of 2 < ` < 29).
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Parameter ΛCDM Coleman-Weinberg Chaotic Quartic
100 Ωbh
2 2.222± 0.022 2.154± 0.017 2.202± 0.017
Ωch
2 0.1197± 0.0021 0.1298± 0.0013 0.1221± 0.0013
100 θ 1.04085± 0.00045 1.03961± 0.00041 1.04060± 0.00039
τ 0.077± 0.018 0.033± 0.012 0.061± 0.014
ns 0.9655± 0.0062 − −
ln(1010As)
1 3.088± 0.034 − −
100 ξ − 0.8125± 0.0012 0.250± 0.052
H0
2 67.31± 0.95 62.99± 0.49 66.23± 0.53
Ωm 0.315± 0.013 0.383± 0.009 0.330± 0.008
ΩΛ 0.685± 0.013 0.617± 0.009 0.670± 0.008
∆χ2best − −29.2 −2.2
lnBij − −26.3 −10.9
Table 2. 68% confidence limits for the cosmological parameters using the TT+lowP Planck (2015)
data. The ∆χ2best and the lnBij refer to the difference between the non-minimally coupled models
and the ΛCDM analysis.
5 Results
In order to rank the inflationary models discussed in the previous sections, we adopt the
Jeffreys’ scale to interpret the ratio of the Bayesian evidence, lnBij , between the model Mi
and the reference model Mj [37, 44]:
lnBij Odds Probability Notes
< 1 < 3 : 1 < 0.750 inconclusive
1 ∼ 3 : 1 0.750 weak evidence
2.5 ∼ 12 : 1 0.923 moderate evidence
5 ∼ 150 : 1 0.993 strong evidence
Note that negative Bayes factor value means support in favor of the reference model j.
The main quantitative results of our analysis, i.e., the parameters constraints and the
statistical comparison with the ΛCDM model, are shown in Tab. 2 while the posterior prob-
ability distributions of non-minimal coupling and cosmological parameters are displayed, re-
spectively, in Figs. (5) - (6). We found a very narrow constraint on ξ parameter for both
models (see Figs. (5)). In the CW case, our result is in disagreement with Ref. [45], where the
allowed values of ξ were calculated from ns and r C.L. regions. Instead, we found that the
stronger constraint on the non-minimal coupling value is due to its bound with the primordial
amplitude. Also, in Fig. (6) we see for the CW model a preference for lower values of Ωbh2
and τ with respect to the ΛCDM cosmology (black line) and, consequently, for higher values
of Ωch2. The tension between the CW and ΛCDM results can be explained if one considers
jointly the tight bound on ξ from the amplitude of the anisotropy power spectrum shown in
the left panel of Fig. (2) and the influence of this coupling parameter on the r − ns plane
(right panel). Since the values of r and ns fall outside the confidence contours provided by
the Planck+Bicep/Keck Array data for the allowed interval of ξ, the other cosmological pa-
rameter are significantly modified in order to compensate it and fit the data. We also notice
the slightly better agreement of the CQ model with the ΛCDM cosmology. In the CQ model
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Figure 6. One-dimensional posterior probability densities for the analysis shown in Tab. (2). The
solid red, dashed blue and black dotted lines refer to the CW, CQ and ΛCDM models, respectively.
the amplitude of the anisotropy power spectrum also provides the main constraint on ξ, with
the allowed value of ξ leading to ns and r values (slightly) out of the data.
From the last lines of Tab. 2, however, we can see that both the CW and CQ models
show a worst χ2 value with respect to the ΛCDM model in light of the current CMB data.
While for the CW model the difference in the χ2 value is undeniable, for the CQ model the
conclusion may not be so obvious. Indeed, the latter model has one free parameter less than
the standard minimal ΛCDM, which is not taken into account in the ∆χ2 value. As discussed
in the previous section, the Bayesian model comparison is the best tool to evaluate the model
complexity over the data. The Bayes factor of our analysis are showed in the last line of Tab. 2
and we can finally conclude that both the non-minimally coupled CW and CQ models are
strongly disfavoured with respect to the standard scenario. For completeness, we also show in
Fig. (7) the best fit curves for the analysed models and the residual plot with respect to the
ΛCDM curve, where the small deviation from the standard model predictions is displayed.
6 Conclusions
Over the past years, motivated by some recent theoretical developments [10] and by the
possibility of implementing chaotic inflation with the Higgs field non-minimally coupled to
gravity [9, 11–14], there has been a renewed interest in inflationary scenarios with a non-
minimal coupling ξ.
As is well known, a non-null coupling may significantly modify the theoretical predictions
of the simplest inflationary models and, from the observational side, it is also believed that its
introduction may help reconcile these models with CMB data. A clear example is given by the
chaotic scenario with potential λφ4. As shown by several authors, if no coupling is assumed,
the model is disfavoured by the data since its prediction of r is too large, but the introduction
of ξ is apparently able to reconcile the model predictions with observations [9, 17, 18, 21, 23].
In this paper, we have gone a step further in the analysis of the observational viability
of this class of models. Using the most recent CMB data from Planck Collaboration [1, 2],
we have analysed the role of a non-minimal coupling between the inflaton field and the Ricci
scalar considering two selected models of small and large field inflation, namely, the Coleman-
Weinberg and the chaotic quartic potentials.
Firstly, we have shown that the coupling parameter ξ is strongly constrained by the
COBE normalization via the amplitude of the primordial power spectrum and not only by the
ns-r values, as considered in the previous works [9, 21, 45]. Secondly, taking the constrained
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The ΛCDM best-fit model (dotted black) is also shown along with the TT+lowP data. In the bottom
panel, we show a residual plot with respect to the ΛCDM prediction.
interval as priors on the value of ξ a Bayesian statistical analysis has been performed to
compare the predictions of the CW and CQ models with the standard ΛCDM cosmology and
determine if the extra complexity of the non-minimal models is supported by the data. As
shown in Table II, the current CMB data strongly prefer the minimal standard model over
the non-minimally coupled inflationary scenarios considered. This result clearly shows that
the compatibility in the r − ns plane found in previous analysis is not enough to attest the
observational viability of this class of inflationary models. A similar analysis considering a
general class of non-minimally coupled inflation with potential V (φ) ∝ φn is currently in
progress and will appear in a forthcoming communication.
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